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Abstract. We investigate the end-to-end entanglement of a general XY Z-spin
chain at the non-zero temperatures. The entanglement usually vanishes at a
certain critical temperature Tc, but external fields can make Tc higher. We obtain
a general statement on the increase of the critical temperature Tc by the external
fields. We prove that if the two end spins are separated by two spins or more,
the critical temperature cannot be higher than a certain finite temperature T¯c
(Tc ≤ T¯c), that is, the entanglement must vanish above the temperature T¯c for any
values of the external fields. On the other hand, if the two end spins are separated
by one spin, the entanglement maximized by the external fields exhibits a power
law decay of the temperature, being finite at any temperatures. In order to
demonstrate the former case, we numerically calculate the temperature T¯c in XX
and XY four-spin chains. We find that the temperature T¯c shows qualitatively
different behavior, depending on the conservation of the angular momentum in
the z direction.
21. Introduction
Quantum entanglement has played an important role in various fields [1, 2, 3, 4]
and hence many researchers have investigated the fundamental properties of the
entanglement. In particular, the entanglement generation and distribution have been
two of the most important targets [5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. The entanglement
between two systems is typically generated by an interaction between them, but the
amount of the entanglement is not simply determined because it strongly depends on
the interaction and the external fields on these systems.
We here aim to obtain general properties on the generation of the entanglement
between two spins which indirectly interact with each other through another quantum
system, which we refer to as a ‘mediator’ system. Hereafter, we refer to the two
spins between which we consider the entanglement as ‘focused spins’ and refer to the
external fields on the focused spins as ‘local fields’ (Fig. 1). In the following, we mean
by the field-spin interaction an operator on one spin such as hxσx + hyσy + hzσz ,
where {σξ}ξ=x,y,z are the Pauli matrices.
When two spins indirectly interact with each other, we mainly have to consider
the following three factors; (i) the thermal fluctuation, (ii) the entanglement with
the mediator system, and (iii) the local fields on the focused spins. These factors
complicate the mechanism of the entanglement generation. The first two factors
generally decrease the purity of the focused spins and thereby contribute to the
entanglement destruction, whereas the third factor can enhance the entanglement
generation, depending on the situation.
Previous studies have partly clarified the effects of the above three factors on
the entanglement generation between two spins [15, 16, 17, 18, 19, 20, 21]. For
example, in the low-temperature limit, it has been shown that the entanglement
can be generated over long distance in a spin chain, that is, a large mediator
system [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]; such an entanglement is referred to
as ‘the long-distance entanglement’ and the general conditions for the long-distance
entanglement has been obtained in Ref. [33].
At finite temperatures, on the other hand, it is well known [34] that the
entanglement vanishes above a certain critical temperature Tc. Several studies [35,
36, 37] have also pointed out that adding the local fields on the focused two spins can
enhance the entanglement generation and increase the critical temperature. Indeed, it
has been discovered [37] that in two-spin systems we can make the critical temperature
infinite by applying appropriate local fields; in such cases, the entanglement decays as
1/(T lnT ) in the optimizing local fields. In the high-temperature limit, therefore, the
entanglement remains but is infinitesimally small with the local fields.
When the number of spins is more than two, we may also achieve the increase
of the critical temperature by adding the local fields. In fact, there are no analytical
studies on the general properties of the increase of the critical temperature in systems
with more than two spins. In such systems, there are two possibilities in the high-
temperature limit under the condition that we tune the local fields arbitrarily: the
entanglement completely vanishes or it infinitesimally remains. It is important to
know whether the entanglement is exactly zero or not because we can concentrate the
entanglement if it has a non-zero value [38].
In our research, we consider the end-to-end entanglement of a general XY Z-spin
chain and investigate how high the critical temperature becomes in the presence of
the local fields (Fig. 1 (b)). In this case, the critical temperature is a function of the
3Figure 1. Schematic picture of the system which we consider. We define the
‘focused’ spins as the spins between which we mainly consider the entanglement,
the ‘mediator’ system as the quantum system which mediates the indirect
interaction and the ‘local fields’ as the external fields on the focused spins. Here,
we define the spins 1 and N as the focused spins and the other spins 2 ≤ i ≤ N−1
as the mediator spins. We assume that we can tune the local fields on the spins
1 and N, while the other fields {hz
i
}N−1
i=2
are arbitrary but fixed.
local fields on the two focused spins, namely Tc(h1, hN). We want to know the upper
limit of the critical temperature, namely max
h1,hN
[
Tc(h1, hN )
]
. In order to study it, we
consider the maximum value of the end-to-end under the condition that we arbitrarily
tune the local fields only on the two end spins. We regard the other parameters
such as the interaction parameters and the external fields on the mediator system as
fixed. In some cases, such a ‘maximized entanglement’ is equal to zero above a certain
temperature, which means that the entanglement generation is impossible for any
values of the local fields. In other words, the critical temperature cannot be increased
beyond such a temperature. This temperature gives the upper limit of the critical
temperature max
h1,hN
[
Tc(h1, hN)
]
, which we define as T¯c in distinction from the normal
critical temperature Tc. For example, in two-spin systems, T¯c is infinite because the
entanglement never vanishes in appropriate local fields.
Our main result is the following: at high temperatures, we prove that the
maximized entanglement is always equal to zero between the two spins which are
separated by two or more spins (N ≥ 4). In other words, above a finite temperature
T¯c, we can never generate the entanglement between spins far apart for any values of
the local fields. Our result shows that there are limitations to the increase of the critical
temperature. The reason is the following. The local fields enhance the entanglement
generation mainly because they increase the purity of the focused spins. It means that
the local fields suppress the effects of thermal fluctuation and the entanglement with
the mediator system. At the same time, too strong local fields destroy the correlation
between the two spins, bringing them close to the product state. For two and three spin
chains (N ≤ 3), the suppression of the purity is more dominant than the decoupling
effect, and hence the entanglement can survive at high temperatures in appropriate
local fields. For more than three spins (N ≥ 4), the decoupling by the local fields is
more dominant than the suppression of the purity and hence we cannot keep non-zero
entanglement for any values of the local fields above the temperature T¯c. The boundary
between the two cases of N ≤ 3 and N ≥ 4 arises because of the following reason.
In the limit |h1| → ∞ and |hN | → ∞, the positive contribution to the entanglement
is roughly given by 〈σ2σN−1〉/(|h1||hN |), whereas the negative contribution is given
by 1/(|h1||hN |), where 〈σ2σN−1〉 is the correlation between the spins 2 and N − 1.
4The term 〈σ2σN−1〉 decays as βN−3 in the high temperature limit β → 0. In the case
N ≥ 4, then, the positive contribution to the entanglement decays more rapidly than
the negative one.
This paper consists of the following sections: in Section 2, we state the problem
specifically and give some definitions; in Section 3, we give a general theorem on the
entanglement generation which is applied to any spin chains; in Section 4, we show the
numerical and analytical results on the maximization of the entanglement in four-spin
chains; in Section 5, discussion concludes the paper.
2. Statement of the problem
First, we formulate the framework of the entanglement maximization problem and
describe conditions. We consider a general XY Z N -spin chain with external fields in
the z direction. The most general form of the Hamiltonian of this system is given as
follows:
Htot =
N−1∑
i=1
(Jxi σ
x
i σ
x
i+1 + J
y
i σ
y
i σ
y
i+1 + J
z
i σ
z
i σ
z
i+1) +
N∑
i=1
hzi σ
z
i , (1)
where {σii}i=x,y,z are the Pauli matrices and we adopt the free boundary conditions.
We hereafter consider the entanglement between the spins 1 and N at the ends
of the chain (Fig. 1 (b)). We refer to these two spins as the ‘focused spins’ and refer
to the external fields hz1 and h
z
N on the two spins as the ‘local fields’. We refer to the
other spins 2 ≤ i ≤ N − 1 as the ‘mediator spins’. We want to obtain the maximum
value of the thermal entanglement between the focused spins 1 and N by tuning the
local fields hz1 and h
z
N at a fixed temperature. We also fix all the other parameters,
namely, {Jxi , Jyi , Jzi } for 1 ≤ i ≤ N − 1 and {hzi } for 2 ≤ i ≤ N − 1. We refer to the
maximizing values of the local fields hz1 and h
z
N as h1op and hNop.
Note that the maximizing local fields h1op and hNop generally depend on the
temperature T , or on the inverse temperature β = 1/(kT ) with k the Boltzmann
constant. This is because we tune the local fields at a fixed temperature β. Let us
then define the high-temperature limit, in which we mostly develop the argument. In
our high-temperature limit, we make β||Htot − hz1σz1 − hzNσzN || tend to zero, where
|| · · · || denotes the matrix norm. On the other hand, we let the maximizing local fields
depend on β as we take the limit β → 0, and we sometimes denote them as h1op(β) and
hNop(β). Hence, βh1op(β) and βhNop(β) may even diverge in our high-temperature
limit.
The density matrix of the total system in thermal equilibrium is
ρtot =
e−βHtot
Ztot
, (2)
where Ztot = tr(e
−βHtot) is the partition function. The density matrix of the focused
spins 1 and N is
ρ1N = tr1N ρtot, (3)
where tr1N denotes the trace operation on the spins except the focused spins 1 and N .
For the present system (1), the general form of the density matrix ρ1N is given by:
ρ1N =


p↑↑ 0 0 F2
0 p↑↓ F1 0
0 F1 p↓↑ 0
F2 0 0 p↓↓

 (4)
5in the basis of the eigenstates of σz1 ⊗ σzN , where p↑↑, p↑↓, p↓↑, p↓↓, F1 and F2 are real
numbers. We have F2 = 0 when J
x
i = J
y
i , for 1 ≤ i ≤ N − 1, in particular.
In order to quantify the entanglement, we here adopt the concurrence [39], which
is most commonly used as an entanglement measure. The concurrence C(ρ1N ) is
defined as follows:
C(ρ1N ) ≡ max(λ1 − λ2 − λ3 − λ4, 0), (5)
where {λn}4n=1 are the eigenvalues of the matrix
√
ρ1N (σ
y
1 ⊗ σyN )ρ∗1N (σy1 ⊗ σyN ) in the
non-ascending order λ1 ≥ λ2 ≥ λ3 ≥ λ4. For density matrices of the form (4), the
concurrence C(ρ1N ) is reduced to the simpler form
C(ρ1N ) = 2max(|F1| − √p↑↑p↓↓, |F2| − √p↑↓p↓↑, 0). (6)
Then, the necessary and sufficient condition for the existence of the entanglement is
given by
max(|F1| − √p↑↑p↓↓, |F2| − √p↑↓p↓↑) > 0. (7)
Thus, the present entanglement optimization problem for the spin pair (1, N) is
equivalent to finding the values of {hz1, hzN} which maximize C(ρ1N ) with the
parameters {Jxi , Jyi , Jzi } (1 ≤ i ≤ N − 1), {hzi } (2 ≤ i ≤ N − 1), and β all fixed.
We denote the maximized entanglement by Cop:
Cop = max
hz1,h
z
N
[
C(ρ1N )
]
= C(ρ1N )
∣∣
hz
1
=h1op,hzN=hNop
. (8)
3. General theorems on entanglement generation
In the previous section, we formulated the entanglement optimization problem. In
the present section, we introduce the main theorem on entanglement generation by
optimizing the local fields.
Theorem 1. Let us consider the XYZ chain (1) with {Jx1 , Jy1 , Jz1 } =
{JxN−1, JyN−1, JzN−1} = {Jx, Jy, Jz}. We tune the local fields hz1 and hzN , while the
external fields on the mediator spins {hzi }N−1i=2 are arbitrary but fixed, thus obtaining
the maximized entanglement Cop. There is a certain temperature T¯c above which the
maximized entanglement Cop between the focused spins 1 and N is exactly zero if they
are separated by two or more spins (N ≥ 4). In other words, we cannot generate the
entanglement for any values of the local fields above this temperature T¯c for N ≥ 4.
Comments. This temperature gives an upper bound of the critical temperature
Tc with respect to the parameters h
z
1 and h
z
N , namely T¯c = max
hz1,h
z
N
[
Tc(h
z
1, h
z
N )
]
. In
other words, for T < T¯c, we can always generate the entanglement by choosing the
local fields appropriately. We say T¯c =∞ if we can generate the entanglement at any
temperatures.
In this theorem, we discuss the case of {Jx1 , Jy1 , Jz1 } = {JxN−1, JyN−1, JzN−1} =
{Jx, Jy, Jz}, but the case of {Jx1 , Jy1 , Jz1 } 6= {JxN−1, JyN−1, JzN−1} can be also proved
by extending the following proof; we only have to repeat the same calculation by
changing Hcouple in Eq. (20) below accordingly.
Proof. In order to prove this theorem, it is enough to show that in the high
temperature limit β → 0 we have
max(F 21 − p↑↑p↓↓, F 22 − p↑↓p↓↑) < 0 (9)
after the maximization of the left-hand side with respect to hz1 and h
z
N , where
{F1, F2, p↑↑, p↑↓, p↓↑, p↓↓} are the elements of the density matrix defined in Eq. (4).
6Then, Eq. (6) yields the exactly zero concurrence Cop = 0 in the limit β → 0.
Since the system (1) has a finite number of degrees of freedom, the elements
{F1, F2, p↑↑, p↑↓, p↓↑, p↓↓} must be analytic as a function of β. Therefore, there can be
a finite value of β at which max(F 21 −p↑↑p↓↓, F 22 −p↑↓p↓↑) = 0 after the maximization.
This gives the temperature T¯c. Note that the elements of ρ1N here are functions of
h1op(β), hNop(β) and β. The increases of the elements {p↑↑p↓↓, p↑↓p↓↑} contribute to
the entanglement destruction as can be seen in Eq. (9) but they can be decreased by
the local fields mainly because of the purification by the local fields. On the other
hand, the decoupling effect of the local fields also decreases the elements {F 21 , F 22 } and
thereby contributes to the entanglement destruction according to Eq. (9). We here
show that in the case N ≥ 4, the elements {F 21 , F 22 } always decay more rapidly than
the elements {p↑↑p↓↓, p↑↓p↓↑} as the temperature increases.
For the proof of Eq. (9), we focus on the temperature dependence of the local fields
h1op(β) and hNop(β). Note that the local fields which maximize the entanglement
C(ρ1N ) depend on the temperature. Let us define that the β dependence of h1op(β)
and hNop(β) are, respectively, of order of
β−κ1 and β−κN (10)
in the limit β → 0, where κ1 and κN are real numbers. By the phrase “f(β) is of
order of βκ,” we mean
lim
β→0
logβ f(β) = κ. (11)
If two functions f(β) and g(β) are of order of βκ and βκ
′
(κ > κ′) respectively, f(β)
decays more rapidly than g(β) in the limit β → 0 and we have
f(β)− g(β) < 0. (12)
In the following, we investigate and compare the leading orders of the elements
{F 21 , F 22 } and {p↑↑p↓↓, p↑↓p↓↑} and prove that for any values of κ1 and κN the
inequality (9) is satisfied.
We estimate the order of each element of {F 21 , F 22 } and {p↑↑p↓↓, p↑↓p↓↑} in the
following three cases:
• Case (a): κ1 < 1 and κN < 1.
• Case (b): κ1 ≥ κN , κ1 ≥ 1 and κN > 0; or κN ≥ κ1, κ1 > 0 and κN ≥ 1.
• Case (c): κ1 ≥ 1 and κN ≤ 0; or κ1 ≤ 0 and κN ≥ 1.
Notice that the three cases cover the entire space of κ1 and κN .
Case (a). In this case, we prove the inequality (9) by utilizing a necessary
condition for the existence of the entanglement [41], which is
tr ρ21N ≥
1
3
. (13)
In the case (a), βh1op and βhNop are of order of β
1−κ1 and β1−κN , respectively, and
approach to zero in the high temperature limit β → 0. We then have β||Htot|| → 0
and therefore, the density matrix ρ1N becomes proportional to the identity matrix.
We hence have
lim
β→0
tr ρ21N =
1
4
. (14)
Therefore, in the case (a), the entanglement between the spins 1 and N is exactly zero
in the high-temperature limit.
7Case (b). To simplify the problem, we consider the case of h1op, hNop > 0,
κ1 ≥ κN , κ1 ≥ 1 and κN > 0, but we can prove the other cases in the same way. In
addition, we consider the case where h1op − hNop is of order of
β−κ˜ with κ˜ > 0 (15)
in the limit β → 0 in the following. We discuss the case κ˜ ≤ 0 in Appendix A. In
order to obtain the inequality (9), we prove the following; F1 and F2 are of order of
βκ1+κN+κ and βκ1+κN+κ
′
or higher, (16)
respectively, where
κ = min(κN , 1) > 0 and κ
′ = min(κN , κ˜, 1) > 0. (17)
On the other hand, p↑↑p↓↓ and p↑↓p↓↑ are both of order of
β2κ1+2κN or lower. (18)
Then, the inequality (9) is satisfied below a certain value of β.
In order to prove (16) and (18), we separate the total Hamiltonian as follows:
Htot = H1 +Hcouple +Hmedia +HN , (19)
where
H1 = h1opσ
z
1 , HN = hNopσ
z
N ,
Hcouple = J
xσx1σ
x
2 + J
yσy1σ
y
2 + J
zσz1σ
z
2 + J
xσxN−1σ
x
N + J
yσyN−1σ
y
N + J
zσzN−1σ
z
N ,
=
1
2
J
[
(1 + γ)σx1σ
x
2 + (1− γ)σy1σy2
]
+ Jzσz1σ
z
2
+
1
2
J
[
(1 + γ)σxN−1σ
x
N + (1 − γ)σyN−1σyN
]
+ JzσzN−1σ
z
N
Hmedia =
N−2∑
i=2
(Jxi σ
x
i σ
x
i+1 + J
y
i σ
y
i σ
y
i+1 + J
z
i σ
z
i σ
z
i+1) +
N−1∑
i=2
hzi σ
z
i , (20)
where J ≡ Jx+Jy and γ ≡ Jx−Jy
Jx+Jy . Now, we consider the term Hcouple, which couples
the focused spins and the mediator spins, as perturbation and carry out perturbation
expansion for the eigenvalues and the eigenstates [40]. The unperturbed density matrix
ρ
(0)
tot is given by
ρ
(0)
tot = e
−βH1−βHN e−βHmedia (21)
because H1, Hmedia and HN commute with each other.
Because the external fields are applied in the z direction, the unperturbed
eigenstates of H1 + HN are given by {|↑1↑N 〉, |↑1↓N〉, |↓1↑N 〉, |↓1↓N〉} with the
corresponding eigenvalues {−h1op − hNop,−h1op + hNop, h1op − hNop, h1op + hNop};
we denote these unperturbed eigenvalues as {E↑↑1N , E↑↓1N , E↓↑1N , E↓↓1N}. We also define
the unperturbed eigenstates of Hmedia as
|ψnmedia〉 = sn|↑2〉|ψ˜↑↑n 〉|↑N−1〉+ tn|↑2〉|ψ˜↑↓n 〉|↓N−1〉
+ un|↓2〉|ψ˜↓↑n 〉|↑N−1〉+ wn|↓2〉|ψ˜↓↓n 〉|↓N−1〉, (22)
for n = 1, 2, · · · , 2N−2, where {|ψ˜↑↑n 〉, |ψ˜↑↓n 〉, |ψ˜↓↑n 〉, |ψ˜↓↓n 〉} are the states of the spins
from 3 to N − 2. Because the total Hamiltonian Htot is a real matrix, the coefficients
{sn, tn, un, wn} in Eq. (22) are real numbers. We define the corresponding unperturbed
8eigenvalues of Hmedia as {Enmedia}. Then, the unperturbed eigenstates of the total
system are given by
{|↑1↑N〉 ⊗ |ψnmedia〉, |↑1↓N〉 ⊗ |ψnmedia〉, |↓1↑N〉 ⊗ |ψnmedia〉, |↓1↓N 〉 ⊗ |ψnmedia〉} (23)
with the unperturbed eigenvalues, E↑↑1N + E
n
media etc.
We then define the perturbed eigenstates corresponding to each of (23) as
{|ψn,↑↑tot 〉, |ψn,↑↓tot 〉, |ψn,↓↑tot 〉, |ψn,↓↓tot 〉}, respectively. We express them as
|ψn,ξtot 〉 = |↑1↑N 〉 ⊗ |ψn,ξmedia,↑↑〉+ |↑1↓N〉 ⊗ |ψn,ξmedia,↑↓〉
+ |↓1↑N〉 ⊗ |ψn,ξmedia,↓↑〉+ |↓1↓N 〉 ⊗ |ψn,ξmedia,↓↓〉, (24)
for n = 1, 2, · · · , 2N−2 and ξ =↑↑, ↑↓, ↓↑, ↓↓, where |ψn,ξmedia,↑↑〉, |ψn,ξmedia,↑↓〉, |ψn,ξmedia,↓↑〉
and |ψn,ξmedia,↓↓〉 are the states of the spins from 2 to N−1 and may not be normalized.
We also define the corresponding perturbed eigenvalues as {En,↑↑tot , En,↑↓tot , En,↓↑tot , En,↓↓tot },
which we express as
En,ξtot = E
ξ
1N + E
n
media + δE
n,ξ
tot (25)
for n = 1, 2, · · · , 2N−2 and ξ =↑↑, ↑↓, ↓↑, ↓↓. Note that {Enmedia} and {δEn,ξtot } do not
depend on the temperature β because Hmedia and Hcouple do not depend on β. Then,
we can say that
e−βE
n,↑↑
tot
Ztot
=
eβ(h1op+hNop)−β(E
n
media+δE
n,↑↑
tot )
Ztot
β→0−→ const. (26)
in the limit β → 0 in the case h1op, hNop > 0, where Ztot is the partition function of
the total Hamiltonian.
Now, we show the outline of the proof. First, we calculate the elements
{F1, F2, p↑↑, p↑↓, p↓↑, p↓↓} from Eqs. (24) and (25) as
F1 =
2N−2∑
n=1
∑
ξ=↑↑,↑↓,↓↑,↓↓
e−βE
n,ξ
tot
Ztot
Fn,ξ1 and p↑↑ =
2N−2∑
n=1
∑
ξ=↑↑,↑↓,↓↑,↓↓
e−βE
n,ξ
tot
Ztot
pn,ξ↑↑ , (27)
for example, where each contribution is given by
Fn,ξ1 =
〈
ψn,ξmedia,↑↓
∣∣ψn,ξmedia,↓↑〉 and pn,ξ↑↑ = 〈ψn,ξmedia,↑↑∣∣ψn,ξmedia,↑↑〉. (28)
We define {Fn,ξ2 , pn,ξ↑↓ , pn,ξ↓↑ , pn,ξ↓↓ } in the same way. Since the elements
{F1, F2, p↑↑, p↑↓, p↓↑, p↓↓} are additive with respect to the indices n and ξ, we cal-
culate each contribution in Eq. (28) separately.
Second, we estimate the leading orders of {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓} with
respect to β. From the perturbation theory, we obtain the approximate forms of
{|ψn,ξtot 〉} and expand {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓} with respect to β. We thus
prove the statements (16) and (18). For this purpose, we first calculate |ψn0,↑↑tot 〉 in
Eq. (24), namely the perturbed state of |↑1↑N 〉 ⊗ |ψn0media〉. Then, we obtain the
contributions of |ψn0,↑↑tot 〉 to the elements {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓}, which are
defined as {Fn0,↑↑1 , Fn0,↑↑2 } and {pn0,↑↑↑↑ , pn0,↑↑↑↓ , pn0,↑↑↓↑ , pn0,↑↑↓↓ } in Eq. (28). From the
calculation in Sec. 1 of the supplementary materials, we obtain the leading terms of
the elements {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓} as
Fn0,↑↑1 =
J2
4h1ophNop
(
γsn0wn0〈ψ˜↓↓n0 |ψ˜↑↑n0〉+ un0tn0〈ψ˜↑↓n0 |ψ˜↓↑n0〉
9+ γ2tn0un0〈ψ˜↓↑n0 |ψ˜↑↓n0〉+ γwn0sn0〈ψ˜↑↑n0 |ψ˜↓↓n0〉+O(βκN )
)
, (29)
Fn0,↑↑2 =
J2
4h1ophNop
(
γ2wn0sn0〈ψ˜↓↓n0 |ψ˜↑↑n0〉+ γun0tn0〈ψ˜↓↑n0 |ψ˜↑↓n0〉
+ γtn0un0〈ψ˜↑↓n0 |ψ˜↓↑n0〉+ sn0wn0〈ψ˜↑↑n0 |ψ˜↓↓n0〉+O(βκN )
)
(30)
as well as the elements {pn0,↑↑↑↑ , pn0,↑↑↑↓ , pn0,↑↑↓↑ , pn0,↑↑↓↓ } in the forms
pn0,↑↑↑↑ = 1 +O(β
2κN ), pn0,↑↑↑↓ =
J2
4h2Nop
(
γ2s2n0 + t
2
n0
+ γ2u2n0 + w
2
n0
+O
(
βκN
))
,
pn0,↑↑↓↑ =
J2
4h21op
(
γ2s2n0 + γ
2t2n0 + u
2
n0
+ w2n0 +O(β
κ1) +O
(
β2κN
))
,
pn0,↑↑↓↓ =
J4
16h21oph
2
Nop
(
γ4s2n0 + γ
2t2n0 + γ
2u2n0 + w
2
n0
+O(βκN )
)
. (31)
We utilized the notation O in the following sense; if f(β) = O(βx), the function f(β)
is of order of βx or higher.
Then, we sum the elements {Fn,↑↑1 , Fn,↑↑2 } and {pn,↑↑↑↑ , pn,↑↑↑↓ , pn,↑↑↓↑ , pn,↑↑↓↓ } with the
Boltzmann weight e−βE
n,↑↑
tot over the label n accordingly to Eq (27). First, we calculate
the summation of each of {Fn,↑↑1 , Fn,↑↑2 }. Because the spins 2 and (N−1) are separated
by (N − 4) spins, the correlation between the spins 2 and (N − 1) are generated by
the (N − 3)th-order perturbation of Hmedia. Therefore, we obtain
〈σx2σxN−1〉0 = O(βα1 ), 〈σy2σyN−1〉0 = O(βα2 ), (32)
where 〈· · ·〉0 denotes the thermal average with respect to ρ(0)tot in (21) and α1 ≥ N − 3,
α2 ≥ N − 3. Since we are considering the case N ≥ 4, we have α1 ≥ 1 and α2 ≥ 1.
This is the key to the fact that the maximized entanglement vanishes for N ≥ 4.
From the equations
〈σx2σxN−1 + σy2σyN−1〉0
4
= tr
(
e−βHmedia
〈σ+2 σ−N−1 + σ−2 σ+N−1〉0
2
)
=
2N−2∑
n=1
e−βE
n
media
Zmedia
〈↑2↓N−1 ∣∣ψnmedia〉〈ψnmedia∣∣↓2↑N−1〉, (33)
〈σx2σxN−1 − σy2σyN−1〉0
4
=
2N−2∑
n=1
e−βE
n
media
Zmedia
〈↓2↓N−1 ∣∣ψnmedia〉〈ψnmedia∣∣↑2↑N−1〉, (34)
where Zmedia ≡ tr(e−βHmedia), σ+ ≡ (σx+ iσy)/2 and σ− ≡ (σx− iσy)/2, we also have
2N−2∑
n=1
e−βE
n
mediatnun〈ψ˜↑↓n |ψ˜↓↑n 〉 = O(βα),
2N−2∑
n=1
e−βE
n
mediasnwn〈ψ˜↓↓n |ψ˜↑↑n 〉 = O(βα), (35)
where α = min(α1, α2). Moreover, because {δEn,ξtot } in Eq. (25) do not depend on β,
we have
e−βE
n,ξ
tot = e−β(E
ξ
1N
+Enmedia)
(
1− βδEn,ξtot +O(β2)
)
, (36)
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for n = 1, 2, · · · , 2N−2 and ξ =↑↑, ↑↓, ↓↑, ↓↓. Then, we obtain from Eqs. (29), (30),
(35) and (36),
2N−2∑
n=1
e−βE
n,↑↑
tot Fn,↑↑1 =
2N−2∑
n=1
e−β(E
↑↑
1N
+Enmedia)
(
1− βδEn,↑↑tot +O(β2)
)
Fn,↑↑1
= e−βE
↑↑
1N
J2
4h1ophNop
(
O(βα) +O(βκN ) +O(β)
)
= e−βE
↑↑
1N ×O(βκ1+κN+κ) (37)
and
2N−2∑
n=1
e−βE
n,↑↑
tot Fn,↑↑2 = e
−βE
↑↑
1N ×O(βκ1+κN+κ), (38)
where α = min(α1, α2) ≥ 1 and κ is defined in (17).
We similarly calculate the contributions of the other states {|ψn,ξtot 〉}
(ξ =↑↓, ↓↑, ↓↓). From the calculation in Sec. 1 of the supplementary materials, we
obtain the leading terms of the elements {|ψn0,↑↓media,ξ〉} for ξ =↑↑, ↑↓, ↓↑, ↓↓ in Eq. (24),
and have the contributions of the states {|ψn,↑↓tot 〉} to F1 and F2 as
2N−2∑
n=1
e−βE
n,↑↓
tot Fn,↑↓1 = e
−βE
↑↓
1N
J2
4h1ophNop
(
O(βα) +O(βκN ) +O(βκ˜) +O(β)
)
= e−βE
↑↓
1N ×O(βκ1+κN+κ′),
2N−2∑
n=1
e−βE
n,↑↓
tot Fn,↑↓2 = e
−βE
↑↓
1N
J2
4h1ophNop
(
O(βα) +O(βκN ) +O(β)
)
= e−βE
↑↓
1N ×O(βκ1+κN+κ), (39)
where we utilized Eqs. (35) and (36), and κ′ is defined in (17). From the inequality
e−βE
ξ
1N/Ztot < 1 for ξ =↑↑, ↑↓, ↓↑, ↓↓, we finally obtain (16) by substituting Eqs. (37)–
(39) into Eq. (27).
Second, we calculate the summation of each of {pn,↑↑
↑↑
, pn,↑↑
↑↓
, pn,↑↑
↓↑
, pn,↑↑
↓↓
}. From
Eqs. (26), (27) and (31), we obtain
p↑↑ ≥
2N−1∑
n=1
e−βE
n,↑↑
tot
Ztot
pn,↑↑↑↑ =
2N−1∑
n=1
e−βE
n,↑↑
tot
Ztot
[
1 +O
(
β2κN
)] ≥W↑↑, (40)
where we define a positive number independent of β as W↑↑ so as to satisfy the above
inequalities in the limit of β → 0. Next, because the quantity γ2s2n + γ2t2n + u2n + w2n
cannot vanish for all n, we have
p↑↓ ≥
2N−1∑
n=1
e−βE
n,↑↑
tot
Ztot
pn,↑↓↑↑
=
J2
4h21op
2N−1∑
n=1
e−βE
n,↑↑
tot
Ztot
(
γ2s2n + γ
2t2n + u
2
n + w
2
n +O(β
κN )
)
≥ J
2
4h21op
W↑↓, (41)
where we define another positive number independent of β as W↑↓ so as to satisfy the
above inequalities in the limit of β → 0. Similarly, we can obtain
p↓↑ ≥ J
2
4h2Nop
W↓↑, p↓↓ ≥ J
4
16h21oph
2
Nop
W↓↓. (42)
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where W↓↑ and W↓↓ are positive numbers which do not depend on β. From the above
inequality, we have
p↑↓p↓↑ ≥ J
4
16h21oph
2
Nop
W↑↓W↓↑, p↑↑p↓↓ ≥ J
4
16h21oph
2
Nop
W↑↑W↓↓. (43)
in the limit β → 0. If p↑↓p↓↑ is of order higher than β2κ1+2κN , p↑↓p↓↑ decays faster
than J4W↑↓W↓↑/(16h
2
1oph
2
Nop), and hence, the inequality (43) is not satisfied in the
limit β → 0. Therefore, p↑↓p↓↑ must be of order of β2κ1+2κN or lower. We can similarly
prove that p↑↑p↓↓ is of order of β
2κ1+2κN or lower. Thus, we obtain (18).
We thereby prove from (16) and (18) that the inequality (9) is satisfied below a
certain value of β in the case (b).
Case (c). To simplify the problem, we consider the case of h1 > 0, κ1 ≥ 1 and
κN ≤ 0, but we can prove the other cases in the same way. In this case, we prove the
following; F1 and F2 are both of order of
βκ1+1 or higher. (44)
On the other hand, p↑↑p↓↓ and p↑↓p↓↑ are both of order of
β2κ1 or lower. (45)
Then, the inequality (9) is satisfied below a certain value of β.
In a similar manner to the case (b), we separate the total Hamiltonian as follows:
Htot = H1 +H
′
couple +H
′
media, (46)
where
H1 = h1opσ
z
1 , H
′
couple = J
xσx1σ
x
2 + J
yσy1σ
y
2 + J
zσz1σ
z
2 ,
H ′media =
N−1∑
i=2
(Jxi σ
x
i σ
x
i+1 + J
y
i σ
y
i σ
y
i+1 + J
z
i σ
z
i σ
z
i+1) +
N−1∑
i=2
hzi σ
z
i + hNopσ
z
N . (47)
Note that in the case (c), the norm of the Hamiltonian H ′media is of order of β
0 because
κN ≤ 0.
Here, we consider the interaction term H ′couple, which couples the spins 1 and
the other spins, as perturbation. Then, the unperturbed density matrix ρ
′(0)
tot is
expressed as ρ
′(0)
tot = e
−βH1e−βH
′
media . The unperturbed eigenstates of H1 are given by
{|↑1〉, |↓1〉} with the corresponding unperturbed eigenvalues {−h1op, h1op}; we denote
these eigenvalues as {E↑1 , E↓1}. We also define the unperturbed eigenstates of H ′media
as
|φnmedia〉 = s′n|↑2〉|φ˜↑↑n 〉|↑N 〉+ t′n|↑2〉|φ˜↑↓n 〉|↓N 〉+ u′n|↓2〉|φ˜↓↑n 〉|↑N 〉+ w′n|↓2〉|φ˜↓↓n 〉|↓N 〉(48)
for n = 1, 2, · · ·2N−1, where {|φ˜↑↑n 〉, |φ˜↑↓n 〉, |φ˜↓↑n 〉, |φ˜↓↓n 〉} are the states of the spins from
3 to N − 1. Because the total Hamiltonian Htot is a real matrix, the coefficients
{s′n, t′n, u′n, w′n} are real numbers. We define the unperturbed eigenvalues of H ′media
as {E′nmedia}. Then, the unperturbed eigenstates of the total system are given by
{|↑1〉 ⊗ |φnmedia〉} and {|↓1〉 ⊗ |φnmedia〉}.
We then define the corresponding perturbed eigenstates as {|φn,↑tot 〉} and {|φn,↓tot 〉}
and the corresponding perturbed eigenvalues as {En,↑tot , En,↓tot }. We express them in the
forms
|φn,ηtot 〉 = |↑1〉 ⊗ |φn,ηmedia,↑〉+ |↓1〉 ⊗ |φn,ηmedia,↓〉 (49)
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and
E
′n,η
tot = E
η
1 + E
′n
media + δE
′n,η
tot (50)
for n = 1, 2, · · ·2N−1 and η =↑, ↓, where |φn,ηmedia,↑〉 and |φn,ηmedia,↓〉 are the states of the
spins from 2 to N and may not be normalized. Note that {Enmedia} and {δE
′n,ξ
tot } are
of order of β0 because ||H ′media|| and ||H ′couple|| are of order of β0. Then, in the limit
β → 0, we can say that
e−βE
′n,↑
tot
Ztot
=
eβh1op−β(E
′n
media+δE
′n,↑
tot )
Ztot
β→0−→ const (51)
in the case h1op > 0.
Next, we calculate the elements {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓}. As in the
case (b), they are additive with respect to the indices n and η, and hence we define each
contribution of |φn,ηtot 〉 to the elements {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓} as {Fn,η1 , Fn,η2 }
and {pn,η↑↑ , pn,η↑↓ , pn,η↓↑ , pn,η↓↓ }. The elements {F1, F2} and {p↑↑, p↑↓, p↓↑, p↓↓} are given by
F1 =
2N−1∑
n=1
∑
η=↑,↓
e−βE
′n,↑
tot
Ztot
Fn,η1 and p↑↑ =
2N−1∑
n=1
∑
η=↑,↓
e−βE
′n,↑
tot
Ztot
pn,η↑↑ , (52)
for example. Each contribution is given by
Fn,η1 = tr
(
|↓1↑N 〉〈↑1↓N | ⊗ Imedia|φn,ηtot 〉〈φn,ηtot |
)
(53)
and
pn,η↑↑ = tr
(
|↑1↑N〉〈↑1↑N | ⊗ Imedia|φn,ηtot 〉〈φn,ηtot |
)
, (54)
where Imedia is the identity operator in the whole space of the mediator spins.
Now, we calculate each contribution of |φn0,↑tot 〉 to the elements {F1, F2} and
{p↑↑, p↑↓, p↓↑, p↓↓}, which is given by {Fn0,↑1 , Fn0,↑2 } and {pn0,↑↑↑ , pn0,↑↑↓ , pn0,↑↓↑ , pn0,↑↓↓ }. The
calculation in Sec. 2 of the supplementary materials gives them as
Fn0,↑1 =
J
−2h1op
(
γs′n0w
′
n0
〈φ↓↓n0 |φ↑↑n0〉+ u′n0t′n0〈φ↓↑n0 |φ↑↓n0〉+O(βκ1 )
)
,
Fn0,↑2 =
J
−2h1op
(
γt′n0u
′
n0
〈φ↓↑n0 |φ↑↓n0〉+ w′n0s′n0〈φ↑↑n0 |φ↓↓n0〉+O(βκ1 )
)
(55)
and
pn0,↑↑↑ = s
′2
n0
+ u′2n0 +O(β
2κ1), pn0,↑↑↓ = t
′2
n0
+ w′2n0 +O(β
2κ1 ),
pn0,↑↓↑ =
J2
4h21op
(
γ2s′2n0 + u
′2
n0
+O(βκ1)
)
, pn0,↑↓↓ =
J2
4h21op
(
γ2t′2n0 + w
′2
n0
+O(βκ1 )
)
. (56)
Then, we sum {Fn,↑1 , Fn,↑2 } and {pn,↑↑↑ , pn,↑↑↓ , pn,↑↓↑ , pn,↑↓↓ } with the Boltzmann weight
e−βE
′n,↑
tot over the label n. First, we calculate the summation of each of {Fn,↑1 , Fn,↑2 }.
From the same discussion as in Eq. (35) in the case (b), we have
2N−1∑
n=1
e−βE
′n
mediat′nu
′
n〈φ˜↑↓n |φ˜↓↑n 〉 = O(βα
′
),
2N−1∑
n=1
e−βE
′n
medias′nw
′
n〈φ˜↓↓n |φ˜↑↑n 〉 = O(βα
′
), (57)
where the exponent α′ is defined as follows:
α′ = min(α′1, α
′
2),
〈σx2σxN 〉 = O(βα
′
1 ), 〈σy2σyN 〉 = O(βα
′
2 ), (58)
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where α′1 ≥ N − 2 and α′2 ≥ N − 2. Since we are considering the case N ≥ 4, we have
α′1 ≥ 2 and α′2 ≥ 2. On the other hand, because {δE
′n,η
tot } in Eq. (50) are of order of
β0, we have
e−βE
′n,η
tot = e−β(E
η
1+E
′n
media)
(
1− βδE′n,ηtot +O(β2)
)
, (59)
for n = 1, 2, · · · , 2N−1 and η =↑, ↓. Then, we obtain from Eqs. (52), (55), and (57)–
(59),
2N−1∑
n=1
e−βE
′n,↑
tot Fn0,↑1 =
2N−1∑
n=1
e−β(E
↑
1+E
′n
media)
(
1− βδE′n,↑tot +O(β2)
)
Fn0,↑1
= e−βE
↑
1
J
−2h1op
(
O(βα
′
) +O(βκ1 ) + O(β)
)
= e−βE
↑
1 ×O(βκ1+1) (60)
and
2N−1∑
n=1
e−βE
′n,↑
tot Fn0,↑2 = e
−βE
↑
1 ×O(βκ1+1). (61)
We similarly calculate the contributions of the other states {|ψn,↓tot 〉}; then, we finally
arrive at (44),
F1 =
∑
η=↑,↓
e−βE
η
1
Ztot
×O(βκ1+1) = O(βκ1+1),
F2 =
∑
η=↑,↓
e−βE
η
1
Ztot
×O(βκ1+1) = O(βκ1+1), (62)
where we utilized the inequality e−βE
η
1 /Ztot < 1 for η =↑, ↓.
Second, we calculate the summation of each of {pn,↑↑↑ , pn,↑↑↓ , pn,↑↓↑ , pn,↑↓↓ }. From
Eqs. (51), (52) and (56), we obtain
p↑↑ ≥
2N−1∑
n=1
e−βE
′n,↑
tot
Ztot
pn,↑↑↑ =
2N−1∑
n=1
e−βE
′n,↑
tot
Ztot
(
s′2n + u
′2
n +O(β
2κ1 )
) ≥W ′↑↑ (63)
because s′2n + u
′2
n cannot vanish for all n, where we define the positive number
independent of β as W ′↑↑ so as to satisfy the above inequalities. Similarly, for p↑↓,
p↓↑ and p↓↓, we have
p↑↓ ≥
2N−1∑
n=1
e−βE
′n,↑
tot
Ztot
pn,↑↑↓ ≥W ′↑↓, p↓↑ ≥
2N−1∑
n=1
e−βE
′n,↑
tot
Ztot
pn,↑↓↑ ≥ β2κ1W ′↓↑,
p↓↓ ≥
2N−1∑
n=1
e−βE
′n,↑
tot
Ztot
pn,↑↓↓ ≥ β2κ1W ′↓↓. (64)
where W ′↑↓, W
′
↓↑ and W
′
↓↓ are positive numbers which do not depend on β. We
thereby obtain (45) in the limit β →∞. We thus obtain (44) and (45) and hence the
inequality (9) is satisfied below a certain value of β in the case (c).
Thus, we prove the inequality (9) in the cases (a), (b) and (c). This completes
the proof of Theorem 1.
In the case where the focused two spins are separated by only one spin, Theorem 1
does not apply; the elements |F1|, √p↑↑p↓↓, |F2| and √p↑↓p↓↑ are shown to be of the
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Figure 2. The phase diagrams for the four-spin chain, (a) in the case of
Jx = Jy = 1 and (b) in the case of Jx = 1, Jy = 0.5. In the ‘Asymmetric’
phase, the maximizing fields h1op and h4op are asymmetric to each other as
|h1op| 6= |h4op|, while they satisfy |h1op| = |h4op| in the ‘Symmetric’ phase. The
asymmetry appears on the broken lines. The maximized entanglement vanishes
beyond the solid line, which gives the temperature T¯c(hzmedia).
same order in the same way as in the proof of Theorem 1. Therefore, it generally
depends on the interaction Hamiltonian and the positions of the focused spins whether
the temperature T¯c is finite or not. As for the three-spin XY Z chains (1) with
{Jx1 , Jy1 , Jz1 } = {Jx2 , Jy2 , Jz2 } = {Jx, Jy, Jz} (Jx ≥ Jy ≥ Jz), we prove in Appendix B
that the entanglement between the spins 1 and 3 can exist at any temperatures by
letting hz1 = h
z
3 →∞ except the case of the Ising chain with hz2 = 0.
4. Numerical demonstration in four-spin chains
In the present section, we consider the maximization problem in four-spin chains. As
has been proved in Theorem 1, the four-spin chain is the shortest one in which the end-
to-end entanglement cannot be generated in the high-temperature limit. We mainly
discuss the temperature T¯c and its dependence on the interaction of the spins.
4.1. Numerical results
In the present section, we consider the XY spin chains given by the Hamiltonian
Htot =
3∑
i=1
(Jxσxi σ
x
i+1 + J
yσyi σ
y
i+1) + h
z
1σ
z
1 + h
z
4σ
z
4 + h
z
media(σ
z
2 + σ
z
3). (65)
We solve the entanglement maximization problem about the focused spins 1 and 4
by varying hz1 and h
z
4 but fixing the temperature T and the external field h
z
media on
the mediator spins 2 and 3. In order to solve this maximization problem numerically,
we used the random search method and the Newton method together. According
to Theorem 1, there always exists a temperature T¯c above which the maximized
entanglement is exactly equal to zero because the focused spins 1 and 4 are separated
by two spins. In this case, the temperature T¯c depends on the value of h
z
media.
We show the phase diagram of the XX spin chain and the XY spin chain in Fig. 2.
In a certain parameter region, there is an ‘Asymmetric’ phase where the maximizing
local field |h1op| is not equal to |h4op|. The qualitatively different behavior of the
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temperature T¯c(h
z
media) between the XX and the XY chains is due to the conservation
of the angular momentum in the z direction, as we will argue in Section 4.2.
4.2. Difference between the XX and the XY model
We discuss the behavior of the temperature T¯c in the XX and XY chains. In the
XX chain, the temperature T¯c increases as the external field h
z
media is increased, while
in the XY chain it does not. This difference is attributed to the conservation of the
angular momentum in the z direction. In the XX chain, we can suppress the mixture
of the states with more than two magnons. We define a magnon as a spin flip; a down
spin in the background of up spins or an up spin in the background of down spins.
For example, the magnon number is two for both of the states |↑↑↑↓↓〉 and |↑↑↓↓↓〉.
We choose the fields as
hz1 = −h0,
hzi = h0, for i = 2, 3, · · ·N, (66)
and h0β ≫ 1. Then, the density matrix e−βHtot is almost equivalent to the ground
state of Htot and the mixture of the other states is suppressed exponentially by
increasing h0. The ground state is given by the following form;
a0|↓1↑2 · · · ↑N〉+ a1|↑1↓2 · · · ↑N〉+ a2|↑1↑2↓3 · · · ↑N〉+ · · ·+ aN−1|↑1↑2 · · · ↓N 〉, (67)
where we calculate ak by the kth order perturbation to have
ak = O
(
Jk
hk0
)
(68)
for k = 1, 2, · · ·N − 1 with the factor hk0 coming from the energy denominator. In the
ground state (67), the element p↓↓ is equal to zero because there is no state with more
than one down spins in (67). The entanglement between the spins 1 and N exists
because |F1| ∝ |aN−1| ∝ |J/h0|N−1 > 0. The mixture of the excited states generally
destroys the entanglement, but is suppressed exponentially because of the Boltzmann
weights. The entanglement between the spins 1 and N thereby survives.
On the other hand, in the XY chains, we cannot control the number of the
magnons in the ground state by increasing hzmedia. Therefore, p↑↑p↓↓ is not zero in the
ground state, which invalidates the argument for the XX model. This may account
for the fact that the temperature T¯c does not increase as the external field h
z
media is
increased.
5. Summary and conclusion
In this paper, we have analytically investigated the increase of the critical temperature
by the local fields in systems with more than two spins. For this problem, we had two
possibilities: in the high-temperature limit, the entanglement completely vanishes or
infinitesimally remains. In order to study it, we have introduced the maximum value
of the entanglement between the focused two spins under the condition that we can
arbitrarily tune the local fields only on these two spins. We have shown the general
theorem on its spin-number dependence. We proved that the maximized entanglement
is equal to zero above a certain temperature T¯c if the two spins are separated by two
or more spins. It means that the critical temperature Tc cannot be enhanced beyond
T¯c by the local fields. This result tells us that as the temperature goes higher the
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thermal entanglement between distantly separated two spins cannot survive with any
local controls. On the other hand, the entanglement follows a power law decay of the
temperature if the two spins are separated by one spin.
In the four-spin chains, we have numerically demonstrated that the entanglement
vanishes above a certain temperature T¯c even after the maximization. Because of
the difference in the symmetric property between the XX and XY spin chains, the
dependence of the temperature T¯c on the fields h
z
media are qualitatively different
between the two systems.
In conclusion, our study has given one of the general limits for the entanglement
generation. We have investigated the effect of the purity increase by the local fields
on the entanglement generation. However, there are other problems to be solved.
For example, we have not considered the case where we can arbitrarily modulate the
external fields not only on the focused spins but also on the mediator spins. In this
case, we may also have a similar theorem to Theorem 1 though the calculation of
the entanglement will be much more complicated. As another problem, we have not
discussed the influence of the external fields on the global entanglement, which is of
more interest to many researchers. In future, we plan to investigate such a unsolved
problem.
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Appendix A. The case κ˜ ≤ 0 in (15)
Here, we discuss the case of κ˜ ≤ 0 in the case (b). In this case, we cannot consider
the unperturbed states |↑1↓N〉⊗ |ψnmedia〉 and |↓1↑N〉⊗ |ψnmedia〉 independently because
their eigenvalues are almost degenerate. As a result, the parameter κ′ = min(κN , κ˜, 1)
does not satisfy the inequality (17). We can still apply the same calculation to the
other parameters {p↑↓p↓↑, p↑↑p↓↓} as in the case κ˜ > 0; they are of order of β2κ1+2κN
or lower.
We here prove that F 21 and F
2
2 are of order higher than β
2κ1+2κN . In order to
prove this, we separate H1 + HN as follows by letting h˜1op ≡ (h1op + hNop + h0)/2
and h˜Nop ≡ (h1op + hNop − h0)/2;
H1 +HN = H˜LO + δHLO,
H˜LO = h˜1opσ
z
1 + h˜Nopσ
z
N = −(h1op + hNop)
(|↑1↑N〉〈↑1↑N | − |↓1↓N 〉〈↓1↓N |)
− h0
(|↑1↓N〉〈↑1↓N | − |↓1↑N〉〈↓1↑N |),
δHLO = (h1op − h˜1op)σz1 + (hNop − h˜Nop)σzN
= −(h1op − hNop − h0)
(|↑1↓N〉〈↑1↓N | − |↓1↑N 〉〈↓1↑N |), (A.1)
where we define as h0 ≡ W0β−κ˜0 with 0 < κ˜0 < 1 and W0 > 0, and regard
βδHLO as perturbation. The Hamiltonian H˜LO satisfies the inequality (15) because
h˜1op − h˜Nop = W0β−κ˜0 is of order of β−κ˜0 with 0 < κ˜0 < 1. Then, the unperturbed
density matrix ρ˜
(0)
tot is given by
ρ˜
(0)
tot = e
−βH˜
(0)
tot , H˜
(0)
tot = Hcouple +Hmedia + H˜LO, (A.2)
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where Hmedia and Hcouple are given in (20). The magnitudes of the unperturbed
elements {F (0)1 , F (0)2 } of ρ˜(0)tot are given by (16), namely,
βκ1+κN+κ
′
0 and βκ1+κN+κ0 or higher (A.3)
where κ0 = min(κN , 1) and κ
′
0 = min(κN , κ˜0, 1).
The density matrix in the first-order perturbation is given by
ρtot =
1
Z(0) + δZ
(
e−βH˜
(0)
tot + β
∫ 1
0
e−βxH˜
(0)
tot δHLOe
−β(1−x)H˜
(0)
totdx
)
, (A.4)
where Z(0) is the partition function of e−βH˜
(0)
tot , while Z(0)+δZ is the partition function
of e−βHtot . Now, we calculate the elements F1 = tr1N 〈↑1↓N |ρtot|↓1↑N 〉, where tr1N
denotes the trace operation on the spins except the focused spins 1 and N . The
first-order perturbations of the elements F1 is
−β(h1op − hNop − h0)
Z(0) + δZ
tr1N
∫ 1
0
dx
(
〈↑1↓N |e−βxH˜
(0)
tot |↑1↓N〉〈↑1↓N |e−β(1−x)H˜
(0)
tot |↓1↑N 〉
− 〈↑1↓N |e−βxH˜
(0)
tot |↓1↑N〉〈↓1↑N |e−β(1−x)H˜
(0)
tot |↓1↑N〉
)
.(A.5)
In order to estimate the order of the first-order perturbations of F1, we introduce
{∣∣ψ(0),n,ξtot,ξ 〉} and {E(0),n,ξtot } as defined in Eqs. (24) and (25), but for H˜(0)tot . First, we
have
〈↑1↓N |e−βxH˜
(0)
tot |↓1↑N〉 =
2N−2∑
n=1
∑
ξ=↑↑,↑↓,↓↑,↓↓
e−βxE
(0),n,ξ
tot
∣∣ψ(0),n,ξmedia,↑↓〉〈ψ(0),n,ξmedia,↓↑∣∣. (A.6)
From the calculation in section 1 of the supplementary materials, we obtain∣∣∣∣∣∣∣∣ψ(0),n,ξmedia,↑↓〉〈ψ(0),n,ξmedia,↓↑∣∣
∣∣∣∣∣∣ = O(βκ1+κN ). (A.7)
Therefore, we have
∣∣∣∣〈↑1↓N |e−βxH˜
(0)
tot
Z(0)(x)
|↓1↑N〉
∣∣∣∣ = O(βκ1+κN ), (A.8)
where Z(0)(x) ≡ tr(e−βxH˜(0)tot ). As a result, we obtain the first-order perturbations of
F1 as
O(βκ1+κN+1−κ˜0), (A.9)
where we utilized β(h1op − hNop − h0) = O(β1−κ˜0) and
Z(0)(x)Z(0)(1 − x)
Z(0) + δZ
= O(β0). (A.10)
We can similarly calculate higher-order perturbations of F1 to see that F1 is of order
higher than (A.9). By the same calculation, we can also prove that F2 is of order
higher than β2κ1+2κN . Thus, in the case κ˜ ≤ 0, F 21 and F 22 are of order higher than
{p↑↓p↓↑, p↑↑p↓↓}, which are of order of β2κ1+2κN or lower.
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Appendix B. Proof for the existence of the entanglement in three-spin
systems
In this section, we prove the statement in Section 4 that the maximized entanglement
always exists in the systems (1) with {Jx1 , Jy1 , Jz1 } = {Jx2 , Jy2 , Jz2 } = {Jx, Jy, Jz}
(Jx ≥ Jy ≥ Jz) in the high-temperature limit β → 0, except the case of the Ising
chain with hz2 = 0. We prove it by showing that the entanglement exists by letting h
z
1
and hz3
hz1 = h
z
3 = h0(β), (B.1)
where we define h0(β) ≡ W0β−κ0 with κ0 > 1 and W0 > 0. We regard the
interaction Hamiltonian as perturbation and calculate the leading order of the elements
{F1, F2, p↑↑, p↑↓, p↓↑, p↓↓} of the density matrix. Then we show the inequality (7),
which is a necessary and sufficient condition for the existence of the entanglement.
First, we separate the Hamiltonian (1) as follows:
Htot = H˜LO + H˜couple, (B.2)
where
H˜LO = h
z
1σ
z
1 + h
z
3σ
z
3 + h
z
2σ
z
2 + J
zσz1σ
z
2 + J
zσz2σ
z
3 ,
H˜couple = (J
xσx1σ
x
2 + J
yσy1σ
y
2 ) + (J
xσx2σ
x
3 + J
yσy2σ
y
3 )
= J
[
σ+1 σ
−
2 + σ
−
1 σ
+
2 + σ
+
2 σ
−
3 + σ
−
2 σ
+
3 + γ(σ
+
1 σ
+
2 + σ
−
1 σ
−
2 + σ
+
2 σ
+
3 + σ
−
2 σ
−
3 )
]
, (B.3)
hz2 has an arbitrary value, J
x = J(1 + γ)/2, Jy = J(1 − γ)/2, and we consider H˜int
as perturbation. Because βh0(β) → ∞ as β → 0, we only have to consider the
ground state and the first excited state as the unperturbed states, which are given by
|↑1↑2↑3〉 and |↑1↓2↑3〉 with the corresponding eigenvalues
ǫ1 = −2h0 − hz2 + 2Jz and ǫ2 = −2h0 + hz2 − 2Jz, (B.4)
where we assume hz2 > 0, but the following discussion is also applicable to the case of
hz2 < 0. The second excited states have the eigenvalues ǫ1+2h0+O(β
0) and hence its
thermal mixing can be ignored in the limit β → 0; similarly, the mixing of the higher
excited states can be also ignored. By mixing these two states with the Boltzmann
weights e−βǫ1 and e−βǫ2 , we obtain the matrix elements {F1, F2, p↑↑, p↑↓, p↓↑, p↓↓}.
Let us first consider the case γ 6= 1. In this case, the leading terms of F1 and√
p↑↑p↓↓ are given as follows, respectively:
F1 =
J2(1 + γ2)
8h20
+O(β1+2κ0 ),
√
p↑↑p↓↓ =
J2γ
4h20
+O(β1+2κ0 ), (B.5)
which yields
F1 −√p↑↑p↓↓ = J
2(1− γ)2
8h20
+O(β1+2κ0 ) > 0 (B.6)
in the limit β → 0. This gives a non-zero value of the concurrence (6) of order of β2κ0
in the case γ 6= 0.
Next, we consider the case γ = 1. Because we assumed Jx ≥ Jy ≥ Jz, the equality
Jy = Jz = 0 is satisfied in the case γ = 1. In this case, we have to take higher-order
approximation because the first term of Eq. (B.6) vanishes. The expansions of F2 and
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√
p↑↓p↓↑ are given, respectively, by
F2 =
J2
4h20
+
(hz2)
2J2
8
β
h20
− (h
z
2)
2J2
4
β
h30
+O(β2+3κ0 ),
√
p↓↑p↑↓ =
J2
4h20
+
(hz2)
2J2
8
β
h20
− (h
z
2)
2J2
2
β
h30
+O(β2+3κ0 ), (B.7)
which is followed by
F2 −√p↑↓p↓↑ = β
4h30
J2(hz2)
2 +O(β2+3κ0 ). (B.8)
If the field hz2 is equal to zero, the entanglement vanishes for any values of the local
fields hz1 and h
z
3; it is because in this case the interaction is classified into ‘classical’
interaction [33]. For hz2 6= 0, the concurrence (6) is of order of β1+3κ0 in the case
γ = 1 and increases as the field hz2 is increased. We have thereby proved that
the entanglement in a three-spin system (1) with {Jx1 , Jy1 , Jz1 } = {Jx2 , Jy2 , Jz2 } =
{Jx, Jy, Jz} (Jx ≥ Jy ≥ Jz) has always a non-zero value except the case of the
Ising chain with hz2 = 0 if we choose the local fields properly.
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